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Starting from the Cottey conduction model and its extension, it is shown that the 
Fuchs-Sondheimer functions can be approximated by the extended Cottey function 
at any reduced thickness, provided that the specular electronic reflection coefficient, 
p, takes values larger than 0.31. Whatever the values of p and the film thickness be 
an analytical formulation (in the form of the Cottey function) is proposed for an 
accurate approximation of the Fuchs-Sondheimer function. Moreover, it is 
suggested that the scattering processes defined in the Fuchs-Sondheimer model 
have no interaction. 

1. I n t r o d u c t i o n  
Numerical data [l, 2] related to the Fuchs- 
Sondheimer conduction model [3] (the F-S 
model), and the extended form [1] of  the Cottey 
conduction model [4] (the e - C  model), have 
shown that the deviation in the reduced resis- 
tivity is slight when the electron specular reflec- 
tion coefficient at film surface, p, takes values 
larger than 0.3 and when the film reduced thick- 
ness is large. 

It is attempted in this paper to give a theoreti- 
cal basis for this feature and to propose new 
analytical forms whose validity range is more 
extended than that of previous approximate 
equations. 

2. Pre l iminary  results 
2.1. Deviations in the e-C model from 

the F-S model 
Extended calculations [5] of the reduced electri- 
cal resistivity, 0f/00 (where the index f and 0 is 
related to the film and the bulk material, respect- 
ively (Table I) show that the deviation from the 
F-S model is less than 10% for p ~> 0.3 and 

k > 0.1 where 
defined by 

k is the reduced thickness, 

k = d2o I 

where d is the film thickness, 2o the electron 
mean free path in the bulk material and p the 
size parameter of the effective Cottey model 
defined by 

# -- k(ln ~) -~ 
where p is the electron specular reflection coef- 
ficient at film surface. 

The deviation depends mainly on the value of 
p and increases as the value of p decreases 
(Fig. l). 

2.2. Theoretical expressions for the 
reduced resistivity in the F-S model 

The reduced conductivity, ~r/~0, is usually given 
in the following form ([3], Equations 25) 

fff/~0 = ] - -  A(k, p) (1) 
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Figure 1 The relative denotion I F -  1/CQa)I/F with the 
specular parameter, p, for different values of  the reduced 
thickness, k. 

with 

A(k ,p )  = 3 f :  ( ~  _ tl-5) 1 - 1  --p- e---~p(---~)exp(-kt)at 

k = d2o ~ (2) 

where t is an integration variable. 
Whatever the value of p, the following asymp- 

totic F-S expressions ([3], Equations 26 and 27) 
can be used for the reduced resistivity 

LOf/Qo ~ I1 + 8-~ (1 -- p)] ,  k ~ l (3a)  

which can also be written as 

and 

1 + P k l n  , O~/qo ~ 1 -- p 

k > > l  

(3b) 

k ~ 1 (4) 

2.3. Theoretical expressions for the 
reduced conductivity in the e-C 
model 

The reduced conductivity is expressed in terms 
of the Cottey function C(#) [1, 4] 

= ( s )  

with 

C(t,) = ~[# _ 1 + (1 - #2)ln(1 + /~-~)1 

(6) 

In the framework of the e - C  model, the par- 
ameter/~ is expressed as ([1] Equation 1.85, [2]) 

# = k In , p r 0 (7) 

In the limiting cases of large and low thickness 
the approximate expressions are [1, 4] 

o r  

a f / a o ~ l -  3 1 n l ,  p r 0, k >> l(8a) 

Qf/Qo~-,1- 3 1 n ; ,  

and 

Of/Oo ~ [31/2 in 1/#]-1, 

p CO,  k>> 1 (8) 

p # 0 ,  g , ~  1 

(9a) 

i ~  

Of/Oo ~ ~ k l n  l n p /  j , p r 0, k < 1 

(9b) 

since lip cannot take infinite values in the frame- 
work of the e - C  model (see Equation 7). 

2.4. Ranges of validity of the 
approximate F-S equations 

Numerical data (Table II) shows that the exact 
F - S  equations cannot always be obtained to a 
good accuracy by using one of the asymptotic 
equations defined in the above paragraph; for 
instance, at low reduced thickness when p takes 
values lower than 0.5, no approximate equation 
is valid. 

Consequently, no analytical expressions is 
available for approximating the F - S  equations 
in the whole experimental field. 

3. Comparative studies 
3.1. The asymptotic formulae 
Equations 3a and 8b coincide if 

1 
i n -  ~ (1 - p) 

P 
(10) 

4187 



T A B L E  II  Numerical values for the exact (Equations I) and approximate F S equations (Equations 3a and 4) for a 
set of values of the electronic specular reflection coefficient, p, and of the reduced thickness, k 

p = 0 p = 0.25 

K F(Equation 1) F(Equation 3a) F(Equation 4) K F(Equation 1) F(Equation 3a) F(Equation 4) 

0.01 26.4830 38.5000 +28.9529 0,01 18.1950 29.1250 + 17.3717 
0.02 15.3320 19.7500 + 17.0414 0.02 10.7600 15.0625 + 10.2248 
0.03 11.2540 13.5000 + 12.6746 0.03 8.0187 10.3750 + 7.6047 
0.04 9.0885 10.3750 + 10.3555 0.04 6.5548 8.0312 + 6.2133 
0.05 7.7276 8.5000 + 8.9015 0.05 5.6317 6.6250 + 5.3409 
0.06 6.7859 7.2500 + 7.8986 0.06 4.9909 5.6875 + 4.7392 
0.07 6.0917 6.3571 + 7.1627 0.07 4.5174 5.0178 + 4.2976 
0.08 5.5566 5.6875 + 6.5987 0.08 4.1516 4.5156 + 3.9592 
0.09 5.1302 5.1666 + 6.1524 0.09 3.8597 4.1250 + 3.6914 
0,10 4~7816 4.7500 + 5.7905 0.10 3.6206 3.8125 + 3.4743 
0.20 3.0958 2.8750 + 4.1422 0.20 2.4593 2.4062 + 2.4853 
0.30 2.4658 2.2500 + 3.6914 0.30 2.0230 1.9375 + 2.2148 
0.40 2.1284 1.9375 + 3.6378 0.40 1.7889 1.7031 + 2.1827 
0.50 1.9161 1.7500 + 3.8471 0.50 1.6415 1.5625 + 2.3083 
0.60 1.7695 1.6250 + 4.3502 0.60 1.5398 1.4687 + 2.6101 
0.70 1.6621 1.5357 + 5.3403 0.70 1.4652 1.4017 + 3.2041 
0.80 1,5798 1.4687 + 7.4690 0.80 1.4081 1.3515 + 4.4814 
0.90 1.5148 1.4166 + 14.0610 0,90 1.3630 1.3125 + 8.4366 
1.00 1.4622 1.3750 - 3.6092 x 109 1.00 1.3265 1.2812 - 2.1655 x 109 
2.00 1.2208 1.1875 - 0.9617 2.00 1.1585 1.1406 - 0.5770 
3.00 1.1414 1.1250 - 0.4045 3.00 1.1026 1.0937 -- 0.2427 
4.00 1.1031 1.0937 - 0.2404 4.00 1.0754 1.0703 - 0.1442 
5.00 1.0810 1.0750 - 0.1656 5.00 1.0595 1.0562 - 0.0994 
6.00 1.0666 1.0625 - 0.1240 6.00 1.0491 1.0468 -- 0.0744 
7.00 t.0566 1.0535 - 0.0978 7.00 1.0418 1.0401 - 0.0587 
8,00 1.0491 1.0468 - 0.0801 8.00 1.0364 1.0351 - 0.0480 
9.00 1.0434 1.0416 - 0.0674 9.00 1.0322 1.0312 -- 0.0404 

10.00 1.0389 1.0375 - 0.0579 10.00 1.0289 1.028i - 0.0347 

p = 0.5 p = 0.75 

K F(Equation 1) F(Equation 3a) F(Equation 4) K F(Equation 1) F(Equation 3a) F(Equation 4) 

0.01 11.8200 19.7500 +9.6509 0.01 6.5149 10.3750 +4.1361 
0.02 7.1839 10.3750 +5.6804 0.02 4.1603 5.6875 +2.4344 
0.03 5.4601 7.2500 +4.2248 0,03 3.2760 4.1250 + 1.8106 
0,04 4.5350 5.6875 +3,4518 0.04 2.7992 3.3437 + 1.4793 
0.05 3,9496 4.7500 + 2,9671 0.05 2.4968 2.8750 + 1,2716 
0.06 3.5422 4.1250 +2.6328 0.06 Z2860 2.5625 + 1.1283 
0.07 3.2406 3.6785 +2.3875 0.07 2.1300 2.3392 + 1.0232 
0.08 3.0073 3.3437 + 2.1995 0.08 2.0093 2.1718 + 0.9426 
0.09 2.8209 3.0833 +2.0508 0.09 1.9130 2.0416 +0.8789 
0.10 2.6681 2.8750 + 1.9301 0.10 1.8341 1.9375 +0.8272 
0.20 1.9250 1.9375 + 1.3807 0.20 1.4532 1.4687 + 0.5917 
0.30 1.6463 1.6250 + 1,2304 0.30 1.3128 1.3125 +0.5273 
0.40 1.4974 1.4687 + 1.2126 0.40 1.2389 1.2343 +0.5196 
0.50 1.4040 1.3750 + 1.2823 0.50 1.1932 1.1875 +0.5495 
0.60 1.3398 1.3125 + 1.4500 0.60 1.1620 1.1562 +0.6214 
0.70 1.2929 1.2678 + 1.7801 0.70 1.1394 1.1339 +0.7629 
0.80 1.2571 1.2343 +2.4896 0.80 1.1223 1.1171 + 1.0670 
0.90 1.2289 1.2083 + 4.6870 0.90 1.1088 1.1041 + 2.0087 
1.00 1.2061 1.1875 --1,203 x 109 1.00 1.0980 1.0937 --5.156 x 108 
2.00 1.I013 1.0937 --0.3205 2.00 1.0487 1.0468 --0.1373 
3.00 1.0663 1.0625 --0.1348 3.00 1.0321 1.0312 -0.0577 
4.00 1,0491 1.0468 - 0.0801 4.00 1.0239 1.0234 - 0.0343 
5.00 1.0389 1.0375 --0.0552 5.00 1.0191 1.0187 -0.0236 
6.00 1.0322 1.0312 -0.0413 6.00 1.0158 1.0156 -0.0177 
7.00 1.0275 1.0267 --0.0326 7.00 1.0135 1.0133 --0.0139 
8.00 1.0239 1.0234 -0.0267 8.00 1.0118 1.0117 --0.0114 
9.00 1.0212 1.0208 -0.0224 9.00 1.0105 1.0104 --0.0096 

10.00 1.0191 1.0187 --0.0193 10.00 1.0094 1.0093 --0.0082 

41 88 



Similarly, from Equations 4 and 9b 

In 1 ~ 2 1 - P ( 1 1 )  
p l + p  

It is clear that Equation 10 is satisfied when p 
takes values in the vicinity of unity; moreover 
Equation 11 reduces to Equation 10 in this case. 

Consequently Equation 11 is the only condition 
for the coincidence of the asymptotic Equations 
3, 4, 8 and 9. 

From extended calculations of [ln (1/p)]- 1 and 
(1 + p)/2(1 - p )  (Table III), it is seen that 
Equation 11 is valid down to p = 0.31 with a 
relative deviation less than 10%. 

T A B L E  I I I  Numerical values of the functions A = [ln (l/p)] -I,  B = (1 + p)/2(1 -- p) and (B -- A ) / B  for 

0.1 ~<p ~< 0.98 

p [log(I/p)] 1 (A) (1 + p)/[2(l - p)] (B) - ( A  -- B ) I B ( % )  

0.10 0.4342 0.6111 28.93 
0.12 0.4716 0.6363 25.88 
0.14 0.5086 0.6627 23.26 
0.16 0.5456 0.6904 20.97 
0.18 0.5831 0.7195 18.95 
0.20 0.6213 0.7500 17.15 
0.22 0.6604 0.7820 15.54 
0.24 0.7007 0.8157 14.10 
0.26 0.7423 0.8513 12.80 
0.28 0.7855 0.8888 l 1.62 
0.30 0.8305 0.9285 10.55 
0.32 0.8776 0.9705 9.57 
0.34 0.9269 1.0151 8.68 
0.36 0.9788 1.0625 7.87 
0.38 1.0335 1.1129 7.13 
0.40 1.0913 1.1666 6.45 
0.42 1.1527 1.2241 5.83 
0.44 1.2180 1.2857 5.26 
0.46 1.2877 1.3518 4.73 
0.48 1.3624 1.4230 4.25 
0.50 1.4426 1.5000 3.82 
0.52 1.5292 1.5833 3.41 
0.54 1.6228 1.6739 3.04 
0.56 1.7246 1.7727 2.71 
0.58 1.8357 1.8809 2.40 
0.60 1.9576 2.0000 2.11 
0.62 2.0918 2.1315 1.86 
0.64 2.2407 2.2777 1.62 
0.66 2.4066 2.4411 1.41 
0.68 2.5929 2.6250 1.22 
0.70 2.8036 2.8333 1.04 
0.72 3.0441 3.0714 0.88 
0.74 3.3210 3.3461 0.74 
0.76 3.6438 3.6666 0.62 
0.78 4.0247 4.0454 0.51 
0.80 4.4814 4.5000 0.41 
0.82 5.0390 5.0555 0.32 
0.84 5.7354 5.7500 0.25 
0.86 6.6302 6.6428 0.18 
0.88 7.8226 7.8333 0.13 
0.90 9.4912 9.5000 0.09 
0.92 11.9930 12.0000 0.05 
0.94 16.1615 16.1666 0.03 
0.96 24.4965 24.5000 0.01 
0.98 49.4983 49.5000 0.00 
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3.2. Unat tempted  consequences  
The above results show that in the whole range 
of thicknesses, practically, the F -S  model and 
the e -C model coincide, provided that p takes a 
value larger than 0.31. 

This feature is somewhat surprising because 
the theoretical bases for these models differ. Let 
us remember that the F -S  model uses the 
Boltzmann equation for the charge transport, 
whereas the e -C  model [1] (like the Cottey 
model [4]) assumes that a resultant mean free 
path, 2, may be calculated by adding the effects 
of background scattering and external surface 
scattering. More precisely 

2r I = 2o 1 + 2~ -l (12) 

where 2c is the Cottey mean free path describing 
the electron scattering at film surface [4, 1]. 

Some consequences can be derived, which 
contradict several opinions which are sometimes 
presented. 

1. Even at low film thickness, the e -C model 
can be regarded as equivalent to the F-S model, 
provided that p > 0.31. 

2. The only limit for the validity of the e -C 
model isp > 0.31 and no limitation in thickness 
can be retained, excluding the case of film thick- 
ness having a magnitude similar to that of the 
wavelength of Fermi electrons which cannot be 
treated by the Fuchs-Sondheimer procedure 
[3, 6]. 

3. A further consequence of (1) is the follow- 
ing: in the F -S  model no marked interaction of 
the two types of electron scattering (background 
and external surface) can be clearly pointed out 
in the whole range of thickness, provided that 
p > 0.3. 

3.3. Discussion 
Starting from the above conclusions the reason 
for the inadequacy of the e -C model at low 
values ofp  is the fact that the e -C model (like 
the Cottey model) defines a continuously vari- 
able probablity of the distribution of electron 
paths, whereas the F -S  model is based on 
boundary conditions (at well-defined geometri- 
cal positions) (Fig. 2). It is clear that the F-S  
curve cannot be accurately represented by the 
exponential e -C curve when the alteration in the 
distribution function of electrons is too marked 
at any scattering. 

No interaction of the two types of scattering is 

k conduction 
e lec t ron  flow 

1 
F -  $ mode l  

e - C mode l  

\1 d'- distance be tween  
. . . .  - '~--1 successive scattering 

P i \  [ events 

i \ , l  
. - - - - L - - -  I 

,03 ' i \ l  

d" lencjPh of" 

e lec t r o  n 
pa I'h 

Figure 2 Distribution of electron paths in the F -S  and e-C 
models. 

clearly revealed in the framework of the F-S  
model (from Equations 1 and 2), but one must 
not forget that the boundary conditions for the 
perturbation of the electron distribution do 
depend on both background and external sur- 
face scatterings ([3] Equation 24); they are 
introduced in the general expression of the cur- 
rent density which depends on the z-coordinate 
(the z-axis being perpendicular to the film 
substrate). For a comparison with experiments 
the average value of the current density over the 
film thickness is calculated [3], that yields 
Equations 1 and 2. 

It can be easily assumed that the averaging 
procedure masks the interaction of the scatter- 
ings at large film thickness because most of the 
conduction electrons are not scattered at film 
surfaces in this case; but this interpretation is not 
valid in the case of thin films and an open 
problem remains. 

The statistical effects of two scattering 
phenomena on an electron along its path of 
length l (Fig. 3) can be treated in the same way 

' I ; I L 
I d 

Id I I I i 

., [ ,I ', I I 
I I L 
I ' i ~,P U I 

Figure 3 Geometry of statistical model in the case of grain- 
boundary and external surfaces scatterings. 
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as in the statistical models [1, 7] used for the 
description of  grain boundary and external sur- 
face scatterings [1, 8, 9]; it shows that the result- 
ant statistical transmission coefficient of  electron 
flow, tr, can be calculated from the statistical 
coefficient of the first scattering procedure, t, 
and f romp (as in the Cottey model [4, 9]); hence, 
in the case of  Fig. 3 

tr = t6 p 3 

l 1 1 1 ex ( 
where D' and d' are the distance between suc- 
cessive scattering of each type in the direction of 
electron motion. 

It is clear that Equation 13 yields 

tr = e x p ( - l / 2 r )  (14) 

where 2r 1 is given by an equation similar to 
Equation 12, with 

21 = D'/ ln~;  2 c = d ' / ln  1 (15) 

In such a statistical treatment the interaction of  
scattering phenomena does not exist because the 
background scattering is defined in the same 
form as the grain boundary scattering [1, 7]. 

The averaging procedure of the F - S  model is 
not far from the above procedure since it con- 
sists in substituting an average value for the 
z-dependent value of  the distribution pertur- 
bation at any level z (the film extends from 
z = 0 t o z  = d). 

This point is now emphasized. 

4. Analysis of the calculation 
procedure of Sondheimer [3] 

4.1. Theory 
For calculating the electrical conductivity of  
thin metal films, af, Sondheimer solved the 
Boltzmann equation, assuming a variation in the 
distribution function of  electrons, f, with z 
(thickness direction) and neglecting the product 
of the electric field with the gradient of  the devi- 
ation fi of the distribution function f from its 
equilibrium value f0. 

In the case of an electric field, E, in the direc- 
tion of  the x-axis, the Boltzmann equation 
reduces to ([3] Equation 9) 

6 f~ f~ eE 6 fo 
- -  + - ( 1 6 )  
6z 77v z mVz 6vx 

where v is the electron velocity, z its relaxation 
time and e its absolute charge. 

Integrating Equation 16 and taking into 
account the distribution functions of the elec- 
trons leaving each external surface ([3] 
Equations 22 and 23), the current density J(z )  
may be written as 

4he= m 2 z 173 
- -  h3 E '~j0/2 sin30 J(z )  

1 - p  
x 1 - 1 - p e x p ( - - d / T ~ ' c o s O )  

x exp dO (17) 
"[ ~'COS 

w h e r e  h is Planck's constant, m the electron 
effective mass and 0 the angle of v with the 
x-axis. 

For the sake of comparison, with experience 
Sondheimer used the average current density 
over all values of z from 0 to d for calculating the 
film conductivity a ([3] Equation 1 5) 

a - l d f d o J ( Z ) d z  (18) 

The only term which depends on z in 
Equation 17 is in the integrand; averaging this 
term gives 

1 f :  e x p (  r 17.cZ-os d)  dz 

_ zl2cos0 1 -- exp 
d z 17cos 0 (19) 

Equation 17 then becomes 

4 g e  2 m 2 7717-3 
J ( z )  - -~ E f:/2 sin3 0 

f l  -- 1 - -  p rlTcos0 
x 

1 - p exp (d/'c/?cos 0) x 

exp(   cos0)l}d0 
Introducing for convenience the conductivity 

of the bulk metal, a0, and the reduced thickness, 
k = d2ff ~, Equation 18 takes the following form 

aria0 = 3 Io/2 sin30 

x [1 1 -k P c o s 0  11 -~--~-~-__~)]d0exp(-k/c~ 

(21) 
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Integrating by parts and defining the inte- 
gration variable t by the relation 

1 
t = 

cos 0 

Equation 21 can be rewritten in the usual form 
([3] Equations 16 and 25) of Equation 2. 

An effective mean free path, 2~er(0), can thus 
be defined from the relation 

2~f:(O) 

2o[1 1 - P c o s  _1 -- exp( -k /cosO_) ]  
k 01 - p exp ( -  k/cos O)J 

(22) 

so that Equation 21 becomes 

O-f/O- ~ = 3 fo/2 2~(oO)sin30d 0 

as attempted [1]. 

(23) 

In order to examine the variations in 2at(0) 
with k it is convenient to assume that (cos 0) - '  
takes a finite value, i.e. 0 # re/2. 

4.2. Comparing F-S and e-C models for 
p > 0 . 3  

At large film thickness, Equation 22 reduces to 

2err(0) ~ 20(1 

with 
p = 

An alternative 

2eer(0) ~ 2o(1 + 
2 

k / '  k >> 1 (24a) 

1 m 0{, 

form is 

cos 0"~- 
a - U )  , 

~ < 1  

k > > l  

p , . ~ l  

(24b) 

Equation 24b is also obtained in the frame- 
work of  the e - C  model [1], assuming that the 
resultant mean free path, 2 ,  due to the two types 
of scatterings (background and external surface) 
is expressed from the bulk mean free path, 20, 
and from the Cottey mean free path, 2r by 
Equation 12 

2~ -1 = 201 + 2 c  1 (25a) 

with [ 1 ], 

Ac = dlcos01 -~ In (25b) 

4192 

Hence 

( 2r = 20 1 + 20COS01n d 1 (26) 

When p takes values near unity, Equation 25b 
goes to the approximate form 

2c ~ dlcos0[-l(1 _ p ) - i  (27) 

Hence Equation 12 becomes 

. Icos 0 l ] - '  
2r,~ 20 1 + (1 - p ) ~ j  , p ,~  1 

(28) 

in good agreement with Equation 24b. 
A theoretical basis is thus given for the similar 

behaviour of the electrical conductivity of thin 
films observed [1] in the frameworks of  the 
extended Cottey model and of the Fuchs-  
Sondheimer model. 

At low thickness, Equation 22 can be 
expanded as follows 

2eer(0) ,~ 2o F1 
1 

Pcos0  
k L 

k k 2 ) 

x cos 0 2cos 2------0 + " " " 

1 - p  + P c o s 0  " ' "  ' cos----O ~ 1 

(29) 

it yields 

k l + p  k 
2eer ~ 2~ 2(1 - p) ' cos-----O >> 1 (30) 

At low thickness Equation 12 becomes 

k 
2 r l  ~ 2 c 1 '  COS-""~ ~ 1 (31) 

Hence, from Equation 25b 

__~k ( l n l )  1, k 
2r ~ 20 cos 0 \ pJ cos----0 ~ 1 

Since numerical values of  [In(I/p)] l and 
[(1 + p)/2(1 - p)] are very close forp  > 0.31 it 
can be deduced from Equations 30 and 32 that 

k 
2eft ~'~ 2r COS-""~ ~ 1 

In the case where 0 = ~/2, no scattering at 
film surface occurs nor scattering interaction. 



Since the asymptotic values of 2e~ and 2r 
coincide, the results of  Section 2 suggest that it 
could exist no difference between the effective 
mean free path 2err(0) (which is an alternative 
presentation of the F S model) and the result- 
ant mean free path of the e - C  model. For this 
purpose the numerical values of the size function 
in Equations 12 and 22 are compared. 

The tabulated values (Table IV) of  the 
functions 

fFs(U) = 1 -- 1 - - p  1 -- e " 
u 1 -- p e  -u (33) 

and 

l n f )  l 
fec(U) = (1 + (34) 

do establish the close similarity of the mean free 
paths 2err and 2r for p > 0.3. Consequently the 
e - C  model is completely identical to the F - S  
model at any thickness (0.001 < k < oo), 
provided that p > 0.3. 

4.3. The case where p < 0.3 
For low values o f p  an approximate law for the 
variations in the electron flow q~(l) with the 
electron-path length, l, could be a Gaussian law 
(Fig. 4) with a standard deviation, ~(p), which 
depends on p, i.e. 

with 

~b(l) = exp - (12/2~2(p) (35a) 

= C( p ) 2 :  (35b) 

free path, where 2j is the Gaussian mean 
independent of p. 

For  the sake of simplicity for further calcu- 
lations the usual mean free path, 2j, can be also 
be defined from the usual exponential law 

r = exp - (//2:) 

under the condition that the values of 4~ (1) in the 
Gaussian and exponential law coincide when the 
length l is equal to 2:. Consequently 

C(P)2~(2) } = 2'c 

The value of 2: is calculated from the value of 
the electron flow at the first scattering, i.e. for 
l = Lx (Fig. 4). To a first approximation, this 

j r 

1 

\ 

\ 

\ 

\ 

\ 

N 
x 

\ 

i 

i 

O /-x 

\ 

x0 "7 

Figure 4 Use of a Gaussian law for representing the vari- 
ations with path length, l, in the electron flow, 4~(l), at low 
values of the electronic reflection coefficient, p. 

value is taken as a linear function of p. Hence 

C2x 
exp 2C(p)22:2 - Czp + C4 (38) 

where C3 and C4 are constants. 
Introducing Equation 38 into Equation 37 

then gives 

2: = Lx[ ln (C3p  + C4)1]--1/2 (39) 

For  low values of p, an approximate form for 
2: is 

2: ~ Lx In~44j 

C3 p], 
p , ~ l  

(40a) 

(36) where (Fig. 4) 

Lx = dlcos01 i (40b) 

The form of  Equation 40a is similar to that of  
Equation 30 because 

(37) 2(1 - p ) ( 1  + p)- i  ~ 2(1 - 2p), p < t 

(41) 

Consequently, for the sake o f  simplicity we 
then examine the following new expression for 
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T A B L E  VI Compared values of  the F S expression of  the electrical conductivity (Equation 1), FUC,  and of the e - C  
expression (Equation 6) using the new parameter  #* (Equation 44), COT, for a series of  values of  the electronic reflection 
coefficient, p, and of the reduced thickness, k 

p = 0 p = 0.25 

k ,u* F UC  COT k ,u* F U C  COT 

0.01 0.005 26.4830 27.7305 0.01 0.008 18.1950 18.5882 
0.02 0.010 15.3320 16.1629 0.02 0.016 10.7600 1.0302 
0.03 0.015 11.2540 11.9197 0.03 0.025 8.0187 8.2399 
0.04 0.020 9.0885 9.6611 0.04 0.033 6.5548 6.7487 
0.05 0.025 7.7276 8.2399 0.05 0.041 5.6317 5.8077 
0.06 0.030 6.7859 7.2552 0.06 0.050 4.9909 5.1541 
0.07 0.035 6.0917 6.5283 0.07 0.058 4.5174 4.6709 
0.08 0.040 5.5566 5.9675 0.08 0.066 4.1516 4.2975 
0.09 0.045 5.1302 5.5202 0.09 0.075 3.8597 3.9993 
0.10 0.050 4.7816 5.1541 0.10 0.083 3.6206 3.7550 
0.20 0.100 3.0958 3.3773 0.20 0.166 2.4593 2.5665 
0.30 0.150 2.4658 2.7082 0.30 0.250 2.0230 2.1183 
0.40 0.200 2.1284 2.3472 0.40 0.333 1.7889 1.8768 
0.50 0.250 1.9161 2.1183 0.50 0.416 1.6415 1.7241 
0.60 0.300 1.7695 1.9589 0.60 0.500 1.5398 1.6182 
0.70 0.350 1.6621 1.8411 0.70 0.583 1.4652 1.5400 
0.80 0.400 1.5798 1.7501 0.80 0.666 1.4081 1.4799 
0.90 0.450 1.5148 1.6775 0.90 0.750 1.3630 1.4320 
1.00 0.500 1.4622 1.6182 1.00 0.833 1.3265 1.3931 
2.00 1.000 1.2208 1.3333 2.00 1.666 1.1585 1.2080 
3.00 1.500 1.1414 1.2295 3.00 2.500 1.1026 1.1419 
4.00 2.000 1.1031 1.1753 4.00 3.333 1.0754 1.1077 
5.00 2.500 1.0810 1.1419 5.00 4.166 1.0595 1.0869 
6.00 3.000 1.0666 1.1192 6.00 5.000 1.0491 1.0728 
7.00 3.500 1.0566 1.1028 7.00 5.833 1.0418 1.0626 
8.00 4.000 1.0491 1.0904 8.00 6.666 1.0364 1.0550 
9.00 4.500 1.0434 1.0806 9.00 7.500 1.0322 1.0490 

10.00 5.000 1.0389 1.0728 10.00 8.333 1.0289 1.0441 

p = 0.5 p = 0.75 

k #* F UC  COT k #* F U C  COT 

0.01 0.015 ll .8200 11.9197 0.01 0.035 6.5149 6.5283 
0.02 0.030 7.1839 7.2552 0.02 0.070 4.1603 4.1706 
0.03 0.045 5.4601 5.5202 0.03 0.105 3.2760 3.2851 
0.04 0.060 4.5350 4.5888 0.04 0.140 2.7992 2.8076 
0.05 0.075 3.9496 3.9993 0.05 0.175 2.4968 2.5047 
0.06 0.090 3.5422 3.5889 0.06 0.210 2.2860 2.2937 
0.07 0.105 3.2406 3.2851 0.07 0.245 2.1300 2.1374 
0.08 0.120 3.0073 3.0501 0.08 0.280 2.0093 2.0166 
0.09 0.135 2.8209 2.8622 0.09 0.315 1.9130 1.9201 
0.10 0.150 2.6681 2.7082 0.10 0.350 1.8341 1.8411 
0.20 0.300 1.9250 1.9589 0.20 0.700 1.4532 1.4595 
0.30 0.450 1.6463 1.6775 0.30 1.050 1.3128 1.3188 
0.40 0.600 1.4974 1.5268 0.40 1.400 1.2389 1.2447 
0.50 0.750 1.4040 1.4320 0.50 1.750 1.1932 1.1987 
0.60 0.900 1.3398 1.3667 0.60 2.100 1.1620 1.1674 
0.70 1.050 1.2929 1.3188 0.70 2.450 1.1394 1.1446 
0.80 1.200 1.2571 1.2821 0.80 2.800 1.1223 1.1274 
0.90 1.350 1.2289 1.2531 0.90 3.150 1.1088 1.1138 
1.00 1.500 1.2061 1.2295 1.00 3.500 1.0980 1.1028 
2.00 3.000 1.1013 1.1192 2.00 7.000 1.0487 1.0524 
3.00 4.500 1.0663 1.0806 3.00 10.500 1.0321 1.0351 
4.00 6.000 1.0491 1.0609 4.00 17.500 1.0191 1.0212 
5.00 7.500 1.0389 1.0490 4.00 14.000 1.0239 1.0264 
6.00 9.000 1.0322 1.0409 6.00 21.000 1.0158 1.0177 
7.00 10.500 1.0275 1.0351 7.00 24.500 1.0135 1.0152 
8.00 12.000 1.0239 1.0308 8.00 28.000 1.0118 1.0133 
9.00 13.500 1.0212 1.0274 9.00 31.500 1.0105 1.0118 

10.00 15.000 1.0191 1.0247 10.00 35.000 1.0094 1.0106 

4200 



the resultant mean free path, 2r 

2(1 - p ) ] c  0] (42) 
2r = 2 o 1 + 1 + p 

We then compare the numerical values of the 
function fvs(U) (Equation 33) and the function 
fecL(U) defined by 

f~cL(U) = I1 +2 (1  - -P)  I I - I  1 -F p (43) 

Table V shows that the deviation is not 
marked, provided that p < 0.3. 

As attempted, no marked deviation occurs in 
the expressions of the electrical resistivity in the 
frameworks of the F - S  model and the e -C  
model (Table VI), in the case where the size 
parameter # (Equation 7) is replaced by #* with 

l + p  
#* = k2( 1 _ p) (44) 

Consequently, Equation 6 for # = #* holds 
for any value ofp  or d. Moreover it is clear that 
the substitution of #* for # in the asymptotic 
Equation 9b (valid for k ~ 1) gives the usual 
Fuchs-Sondheimer expression (Equation4). 

5. Conclusion 
The above theoretical calculations and their 
numerical evaluations show that two formu- 
lations can be regarded as alternative forms of 

the Fuchs-Sondheimer size-effect function. The 
first function is the extended-Cottey size-effect 
function (Equations 6 and 7) whose validity is 
only restricted to the casep > 0.31 (without any 
restriction due to the film thickness). The second 
function has a general validity, whatever the 
roughness of the film surface and the film thick- 
ness: it is the Cottey size-effect function 
(Equation 5) where the parameter # is replaced 
by #* (Equation 44); this expression is especially 
convenient at low thickness. 

Alternative analytical forms are thus available 
for describing the Fuchs-Sondheimer size 
effects. 
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